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Abstract: In this paper, we study the stability of a networked control system involving signal
quantization with finitely many levels and a bounded number of consecutive packet-dropouts.
To compensate for the effect of packet-dropouts, the controller-encoder sends a packet which
contains possible quantized control inputs for finite future steps. At the receiving end, i.e., at the
plant actuator side, a buffer decides the actuator input based on the received data. The buffer
has memory which is overwritten whenever it receives a packet from the controller. Within
this setting, we derive a sufficient condition on quantization parameters for achieving small £*°
signal £°° stability of the feedback system. The stability condition is characterized in terms of
the number of quantization levels of the quantizer.
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1. INTRODUCTION

In recent years, networked control systems (NCSs) over
practical communication channels have been widely stud-
ied to clarify relationships between control performance
and channel characteristics such as data rate constraints,
packet dropouts and delays (see e.g. Nair et al. (2007),
Hespanha et al. (2007) and the references therein.).

Most of the previous works focus either on data-rate
constraints (Nair et al. (2007), Tatikonda and Mitter
(2004) etc.), packet-dropouts (Hespanha et al. (2007),
Ishii (2008), Hu and Yan (2007) etc.) or delay (Hetel
et al. (2006), Pan et al. (2006) etc.), separately. However,
it is more realistic to assume that the NCS should be
affected by all of those channel characteristics.

More recently, Tsumura et al. (2009), Niu et al. (2009)
have studied the mean-square stability of NCSs which
involve packet-dropouts as well as quantization with a
infinite number of levels. These authors employ the loga-
rithmic quantizer due to Elia and Mitter (2001) to study
the trade-off between the coarseness of the quantizer and
the stability of the NCS.

In the present paper, we will take an alternative view of
NCSs affected by packet-dropouts and quantization with
finitely many levels in a deterministic setting. Note that
the NCS under consideration is nonlinear and time-varying
because of quantization and packet-dropouts. Hence, we
will study the stability of the NCS based on the notion
of small £°° signal £*° stability, which is recently proposed
by Ishido and Takaba (2010a). Within this framework,
we will derive a sufficient condition, stated in terms

of the number of quantization levels of the quantizer,
which guarantees stability of the closed loop system, when
affected by bounded packet-dropouts.

Notations: The co-norm of a vector x € R™ and the ¢*°
norm of a signal f : Z; — R™ are denoted by ||z||s and
I f|le==, respectively. The extended ¢ space is defined by

Zgoz{f: ZJr_)Rm | f‘l‘egoov vTGZJr}v
where f, denotes the truncation of f at time 7:

t) (0<t<T1),
o= {0 Q2

If a map M : (2° — (2° is finite gain ¢*° stable, then
its £>°-gain is denoted with || M||gec-ina.- The oo-induced
norm of a constant matrix A is defined by [|A||co-ind :=
sup, 2o | Az loo /|2 co-

2. SYSTEM DESCRIPTION

We consider the feedback control system depicted in
Fig. 1, which involves an unreliable channel, quantiza-
tions, and buffering mechanism. This NCS is similar to
those considered in Quevedo et al. (2007) and Quevedo
and Nesi¢ (2010), but incorporates the quantizer in an
explicit manner. To compensate for the packet-dropouts,
the controller-encoder produces potential control inputs
for current and finite future time instants. The poten-
tial control inputs are quantized and packetized at the
controller-encoder, and then the packet u(t) is transmitted
to the communication channel.

The precise description of each component of the NCS is
given below.
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Fig. 1. NCS subjected to quantization and packet-dropouts
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Fig. 2. Uniform quantizer ¢

Plant P: The plant P is a discrete-time linear time-
invariant (LTI) system whose state-space representation
is given by

z(t+1) = Az(t) + Bu(t) + w(t). (1)
The signals z(t) € R™, u(t) € R and w(t) € R
are the plant state, the actuator input and the process
disturbance, respectively. The initial state x(0) is assumed
to be zero.

Controller-Encoder En: The controller-encoder sends
to the communication channel at time ¢ a control packet
wu(t) € RN which is composed of potential quantized
control inputs for the current and (N — 1)-step future time
instants, namely

u(t) = ; , (2)

q(a(t+ N —1;t))

a(t+i;t) = Ki(t+4;¢) (i=0,---,N—1) (3)
where @(t+1;t) € R and &(t+14;t) € R™ are the i-step pre-
dictions of the (unquantized) control inputs and the plant
states, both of which are produced based on the current
plant state x(t). Moreover, K € R™¥ is a constant state-
feedback gain and ¢: R — V := {0,+d, +2d,--- ,+md}
is a static uniform quantizer, where the parameter d rep-
resents the step size or fineness of the quantization, and
M :=2m + 1 is the number of the quantization levels.

The quantizer g outputs one of discrete symbols from V,
which is the nearest to the real-valued signal u(t+i;t) (see

Fig. 2).
o (e

o (o< (o )9
(e O
e oD

The predicted states (¢t + i;t) (¢ = 1,2,--- ,N — 1), are
calculated recursively based on the information of x(¢),

—md

w(t) and the plant dynamics by
L(t;t) = x(t),
{ T(t+it) = Azt +i— 1;t)+Bg(a(t+i—1;t)) (5)
(i=1,---,N—1).

Note that, because of the quantizer ¢, the packet p(t) can
take only one of M N different values at each time instant.

Channel: The effect of packet-dropouts over the channel
is expressed as the discrete process {s(¢)} defined by

(1) = 1 if packet-dropout does not occur at time ¢,
SW=N0if packet-dropout occurs at time .

When a packet-dropout does not occur, the channel trans-
mits one of the M N symbols to the buffer without errors.

We denote the time instants when a packet-dropout does
not occur, i.e. the transmission is successfully completed,
with {to,t1, - ,&;,- - }. That is,

s(t)=1 < (t=t; for somei € Z, ). (6)
We also denote with h; the interval between successful
transmissions, namely

h; = tit1 — ti, xS Z+. (7)
Buffer Buff: The buffer Buff decides the actuator input
based on the received channel symbols. The state b(t) of
the buffer is updated whenever the buffer receives the
packet.

b(t) = s(Opu(t) + (1 — s(£)Sb(t — 1), bO)=0, (8)
01 0 -0
s=lo o 1 olemvn (9)
0 -vv onn 01
0 e oo e 0

Then, the buffer decides the actuator input u(t) by

u(t) =110 --- 0]b(t). (10)
For this feedback control system, we make the following
assumptions.

Assumption 1.
1<h; <N VieZ;. (11)

This means that the number of consecutive packet-
dropouts is bounded by the packet length N.

Assumption 2. The matrix Ay := A+ BK is Schur stable.

The idea of employing the buffer to compensate for the ef-
fect of packet-dropouts is based on the settings in Quevedo
et al. (2007) and Quevedo and Nesi¢ (2010). They
studied in those papers the Input-to-State Stability (Son-
tag  (1989)) of the feedback system where the plant is
controlled over an unreliable channel affected by packet-
dropouts. In this paper, we assume the quantization with
finitely many levels as well as packet-dropouts at the
channel. In this case, it is impossible that the feedback
system achieves the finite gain /P stability because of
the quantization (Martins (2006)). To circumvent this
difficulty, in the present work, we will study the stability
of the NCS based on the notion of small £*° signal £>°
stability, which will be described in the following section.



Fig. 3. Feedback system for stability analysis
3. PRELIMINARIES

We briefly revise some basic results on small £>° signal

£°° stability which were introduced in Ishido and Takaba

(2010a) and Ishido and Takaba (2010Db).

Definition 3. (small £>° signal €>° stability) A map H:

03° — £2° is said to be small £>° signal £>° stable with level

v and input bound e if

[ lurllew < €= [(Hu)sllow <7 ] Yue 62, ¥r € 2,

(12)

holds for given positive constants € and .

H is simply called small ¢°° signal ¢>° stable if there exist
some positive constants € and v satisfying (12).

The feedback system in Fig. 3 is called small °° signal />
stable if there exist positive constants € and - such that

[ELL == EL]L =]

Vry, re € 0°, NT € Zy.
In Ishido and Takaba (2010a), the authors recently
established the following results for the small £°° signal
£ stability of the feedback system in Fig. 3.

Proposition 4. For the feedback system in Fig. 3, assume
that the following three conditions hold true.

<e=
VAS

(i) For the sub-system H; : e; — 21, there exists a positive
constant 7 such that

||Zl.,—||goo < ’ylllel(.,.,l)Hgoc Vel S fgo, VT e Z+. (13)

(ii) For the sub-system Hj : es — 2o, there exist positive
constants e and -5 such that

[llezrlle= < €2 = ||z2r]le < y2€2] Vea € €2°,¥T € Z(Jr)
14

(111) Y17y2 < 1
Then, the feedback system is small £°° signal ¢°° stable.
In particular,
[llrzlle= < €= ([21rllee < 61 and [|22r[lee < 62)
Vr e 0, VT € L+

holds for

_ (1 —m72)a

L+m

_ (1+72)71€2

, 02 = 7Ya€9.
1+ 2 = 72€2

)

Proposition 5. Assume that a map H : £2° — £2° is strictly
causal. Then, H satisfies

Jurllew < AI(Hw)s 1 llw Vu € €2, V7 € Zy
for a given v > 0 if and only if it is finite gain £°° stable
with gain v, namely

ftrllee < AN (Hu)rlloe Vu € €2, ¥r € Z.

4. STABILITY ANALYSIS

The main purpose of this paper is to study the small £>°
signal > stability of the closed-loop map from w to x in
the NCS of Fig. 1. More specifically, we are interested in:

Under Assumptions 1 and 2, find a condition on the
parameters M, d and N for the existence of positive
constants € and ~ such that
[ lwrllew e = [z o= <7e | Yw € 62, vr € Z,
(15)
holds for any packet dropout sequence (equiva-
lently, {h;: i € Z1}).

Due to packet-dropouts and quantization at the commu-
nication channel, the feedback system in Fig. 1 is time-
varying (switching due to packet dropouts) and nonlinear.

To tackle this stability problem for the nonlinear switching
system, we will derive an alternative feedback representa-
tion of the NCS with a new time axis by performing the
discrete-time lifting of underlying signals (e.g. Chen and
Francis (1995) and the references therein), and by extract-
ing a nonlinearity associated with the quantization. The
resulting representation is the feedback interconnection of
a strictly causal linear switching system and a nonlinear
map which has a bounded level of small £°° signal ¢*°
stability (Fig. 5). Then, by applying Proposition 4 to
this feedback interconnection, we will derive a sufficient
condition on M, d and N for achieving (15) for any possible
packet-dropout sequence.

4.1 Discrete-time lifting and extraction of quantization
nonlinearity

From (2), (6), (8), (9) and (10), the actuator inputs over
the interval [t;, t;11) can be simply written as

u(t; +j) = q(a(t; + jiti))
(Z€Z+7j:0717"'ahi_1)' (16)
Furthermore, we denote the quantization error with
o(ti + j) = q(a(t; + ji t:)) — al(ts + ji t;) (17)

fori € Zy and j = 1,2,---
follows from (5) and (3) that

J—1
ti)+ > Al T Bu(t; +1)

yhi —1 (< N —1). Then, it

B(ts + j; ti) = Afa( (18)
1=0
forieZyand j=1,2,--- Jh; =1 (< N —1).
Similarly, it can be shown from (1), (3), (16) and (18) that
z(t; +j) = @(t; + 7) ZAJ“ (t; +1) (19)
fori€Zy and j=1,2,--- 7hl— (SN -1).
By lifting the underlying signals, we obtain
£[i] = x(t;) €R™, (20)
w(t;) u(ts)
w(t; +1) v(t; + 1)
wfi] == . e R™i| §[i]:= , e RM,
w(t; +.hi -1) v(t; + hl —-1)
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Fig. 4. Quantization error ¢
At ti)
At + 1;t)

: € R,

ali]:= (22)

U(t; + hi — 1;t;)

It is then easily verified from (16)—(22) that the NCS in
Fig. 1 is expressed as the linear fractional transformation
(LFT) of the linear system G and the nonlinear map @
(see Fig. 5(a)). The linear system G is defined by the state-
space equation

. {S = A4 Bl Bl €00,

where i denotes the new time index, and

K
KAk
Ap = A eRV™ Cupi=| . | eRMV,
KA
By =[A""'B ... AxB B] e R™*",
By = [AML .0 A1) e R
0 0 .0
KB 0 o0
D, :=| KAxB KB € RMWh,
: .00
KAY?B ... KAxB KB O

(h=1,2,...,N)

On the other hand, @ is the memoryless diagonal map

defined by
q(u1) uy
Q: RM— RM: Q(u) = : foru=1|": |,
‘i(uhz) Uh;

where

q(u) = q(u) —u (24)
is the static map associated with the quantization error
(see Fig. 4).

It should be noted that both of G and @ are switching
systems because the dimensions of the signals and the
coefficient matrices change on the occurrence of packet-
dropouts which cannot be predicted in advance.

By defining 1 := 4@ — D, 5,0 and

Q= ~QoDyy) " 0Q, (25)
we further obtain the LFT representation of Fig. 5(b),
where G, is the linear switching system G, defined by
Goc: . .
ni] = Cu,n.&lil-
(26)

Fig. 5. LFT representations of the NCS via lifting

For ease of later discussion, we define

N-2
= Dy llso-ing = KA’ B|. 27
0 5= WDl = Y VAL (27)
Lemma 6. If
M > ~p, (28)

then Q : n — ¥ satisfies
[l < c@ = sl < vocql ¥n € €%, 97 € 2,
for

€Q = (M - 'YD) (29)

d 1
27 ’YQ_M_,YDa

and for any sequence {h; : i € Z4}.

Since the lifting operation is ¢*°-norm preserving (e.g.
lwllgse = ||@0]lg=e, etc), the next lemma shows that the
small /> signal ¢ stabilities of the NCS in in Fig. 1 and
of the lifted system in Fig. 5(b) are equivalent.

Lemma 7. The following two statements are equivalent.

(i) The closed-loop map from w to z in Fig. 1 is small £*°
signal ¢*° stable, namely there exist positive constants e
and v such that (15) is satisfied for any sequence {h; : i €
Z4}.
(ii) For the feedback system in Fig. 5(b), there exist
positive constants ¢ and 4" such that

[ldrllee < € = & llee <A'€'] V0 € £, VT € Zy
holds for any sequence {h; : i € N}.

Next, by introducing auxiliary inputs r11, 712, 722, 222 as
in Fig. 6(a), the stability analysis of the NCS in Fig. 5(b)
is reduced to that of the feedback interconnection of G,
and A. To be more specific, we define

rli] = {%1[%]} € Rhitnhi ' o] = [HQH] € Rhtm,

~

Al = {ZEH ERMAT sl = {;;g[]ld € Rhtnhs

e1[i] = r[i] + 22[i], eali] = rali] + 21[d].
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Fig. 6. Feedback representations with auxiliary inputs

Fig. 6(a) is further rewritten as in Fig. 6(b), where
{ Eli + 1] = Apg[i] + Bpeli]
Gsc : . .
z1]i] = Créli]

By, = [Bv,h Bw,h] S Rnx(n—i—nh)’
O = |:C?h:| c R(thn)Xn’

(30)

and A is the nonlinear diagonal map defined by
A : Rhitnhi _ phitnhi, A(eg): Q(em) for eq = €12
’ 0 €22
(31)
Then, the stability of the NCS in Fig. 5(b) is related to

that of the feedback system in Fig. 6(b) by the following
lemma.

Lemma 8. Assume that the feedback system in Fig. 6(b)

is small £°° signal ¢*° stable. Then, the closed-loop map

from @ to € in Fig. 5(b) is also small £*° signal £ stable,
namely, there exist positive constants € and ~ such that
[lDr]lee <€ = ||&r]lee < ve] Vo € £°, VT € Zy

(32)

holds for any sequence of {h; : i € Z,}.

Proof. By assumption, there exist positive constant ¢ and
v such that, for the feedback system of Fig. 6(b),

LIE] AL =]

Vry, re €47, VT € 2y
holds for any sequence of {h; : i € Z,}. It is easily seen
from the definitions of rq, 79, 21, 20 and A that taking
r11 = 0, r91 = 0 and r15 = 0 in the above equation yields
(32) for the closed-loop map of Fig. 5(b). This completes
the proof. O

<e =
Zoo

We now derive a sufficient condition of M and d for the
small £>° signal £>° stability of the system in Fig. 6(b).

Lemma 9. Assume that the linear switching system G, :
z1 > eq is finite gain £°° stable with gain 7y, namely,
||217Hgoo < 'yg||elTHgoo Ve, € ggo) V1 € Z+ (33)

holds for any sequence of {h; : © € Z, }. Then, the feedback
system in Fig. 6(b) is small £>° signal £>° stable if

M > ~ve +p- (34)

In particular,

L]

< e (arrlle <61 and [Jzar e~ < 62) ﬂ
e:x:

Vry, ro € 8307 V1 e Z+ (35)
holds for
M —~vg —7p
€= , 36
0+ 6. (M — p) (36)
dya(M —~vp +1) d
01 = , 0y = —. 37
R T R o

Proof. Since G, : e; — 2z is strictly causal and has finite
gain g, we see from Proposition 5 that

Ve, € (° VT € Zy. (38)
Since v and vp are positive, (34) implies M — yp > 0.
It thus follows from (31) and Lemma 6 that A : ey — 2o
satisfies

[llearlle < eq = llzorlle < v0eq]

Veo € £°, VT € Zy  (39)
for any sequence {h; : i € Z;}, where ¢g and v are
defined in (29). Moreover,

Yevg <1 (40)

immediately follows from (29) and (34). By Proposition 4,
(38),(39) and (40) prove the small £>° signal £>° stability

llz17lle < vallerr—1)lles

- of the feedback system in Fig. 6(b). O

Consequently, we obtain the main result of this paper by
combining Lemmas 7, 8 and 9.

Theorem 10. Under Assumptions 1 and 2, assume that
M >~e+p (41)

is satisfied. Then, there exist positive constants € and -y
such that the closed-loop map from w to x in the NCS of
Fig. 1 satisfies (15) for any packet dropout sequence.

4.2 Computation of the upper bound on ||Gsc||goo-ind

We here present a method for estimating ¢ satisfying
(33) based on the reachable set analysis. Although G, is
a switching system, its linearity enables us to compute an
upper bound on g by using a reachable set for inputs
with a fixed bound. See Shingin and Ohta (2004) for the
details of the algorithm for computing reachable sets for
LTT systems.

Theorem 11. Suppose that there exist positive constants
Bn (h=1,2,---,N), v, nonnegative constants oy ; (h =
1,2,---,N,j = 1,--- /(n+ 1)h) and a positive definite
matrix X satisfying

ATXA,—(1-B)X  A[XB, 0
BIX A, BEXBy — Bu3n] —
(h:1727"'7N)7 (42)
0<B,<1 (h=1,2,---,N), (43)
Oh,1 0 (n+1)h
Eh = s O'h7j:1
0 Oh,(n+1)h J=1
(h=1,2,---,N), (44)



X > W—Q(Ai},(fl)TKTKAfIL(fl
(h:152>"'aN>7 (45>
XZ_7_2fkfg (k:1727 7”) (46)
where fi denotes the k-th standard basis in R™. Then, the
linear switching system Gy, is finite gain ¢°° stable, and

VG <7
Proof. Omitted for the space limitation.

We here give a remark on the meaning of the matrix
inequality condition in Theorem 11. The inequalities (42)—
(44) ensure that the ellipsoid
E(X,e):={¢cR": ¢TXE <)

is an outer approximation of the reachable set of G :
e1 — z for the input e; whose magnitude is bounded
by €, i.e. |leri]|lec < € Vi € Z4. Moreover, (45) and (46)
imply that £[i] € £(X,€) = ||z21[]]|cc <ve (h=1,...,N).
Hence, we see that (42)—(46) give an upper bound v on
the £>°-gain vg = ||Gselle>-ind-

Notice that (42)-(46) become Linear Matrix Inequalities
(LMIs) in X, v=2 and X1,..., Xy if we fix 31,...,8N to
some constants. Thus, we can efficiently find a good upper
bound on v¢ by solving the convex programming problem:
Yo = inf —~v72 subject to (42)(46),
Yoi= il =77 subject to (42)-(46)

where f31,..., 8N are determined by grid search.

Given an upper bound of ||Gs.|/¢~-ind, Wwe can obtain a
sufficient number of quantization levels for achieving the
small £*° signal £°° stability of the NCS, since the stability
condition (34) is characterized in terms of the number
of quantization levels M. Though the step size d of the
quantizer is not involved in (34), it does affect the level
and the input bound of small £>° signal £°° stability of the
NCS (see (35)-(37)).

From (27),(28) and Theorem 10, the right hand side of (34)
becomes in general large for a large N, which represents a
tradeoff between the number of quantization level, or the
data rate of the communication channel, and the packet-
dropouts for the small £°° signal £°° stability for the NCS.

5. CONCLUDING REMARKS

We have studied the small £°° signal ¢°° stability of the
NCS where the plant is controlled over the communication
channel affected by packet-dropouts and finite level quan-
tization. A sufficient stability condition has been derived
in terms the parameters of the quantizer and the packet
length. An LMI-based method to numerically check the
stability condition has also been developed.
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